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ABSTRACT
We show that the constant time lag prescription for tidal dissipation follows directly from the
equations of motion of a tidally-forced viscous fluid body, given some basic assumptions. They are
(i) dissipation results from a viscous force that is proportional to the velocity of the tidal flow (ii)
tidal forcing and dissipation are weak and non-resonant (iii) the equilibrium structure of the forced
body is spherically-symmetric. The lag time is an intrinsic property of the tidally-forced body and is
independent of the orbital configuration.
1. INTRODUCTION
The origin of tidal dissipation in gaseous planets and
stars is, for the most part, an un-solved problem. Due to
the extreme weakness of dissipation in these nearly per-
fect fluids, even identifying the correct theoretical frame-
work to address this issue has proven to be difficult. De-
spite this, there has been a recent revival in tidal theory
that has produced many promising results (Ogilvie & Lin
2004; Arras 2004; Wu 2005; Ivanov & Papaloizou 2007;
Goodman & Lackner 2009; Weinberg et al. 2012).
In order to study the long-term evolution of orbits that
are shaped by tidal dissipation, a parameterization of the
strength of tidal dissipation is often performed. One of
the most common parameterizations is to incorporate a
tidal lag time, where the forced response lags behind the
equilibrium tidal deformation by some fixed value. Hut
(1981) utilized this prescription in order to derive the
orbit-averaged evolutionary equations for a wide array
of orbital configurations. His results are widely used in
many different astrophysical systems (e.g., Eggleton et
al. 1998; Wu & Goldreich 2002; Wu & Murray 2003;
Fabrycky & Tremaine 2007; Willems et al. 2010; Wu &
Lithwick 2011; Socrates et al. 2012)
A benefit of utilizing the constant time lag parameteri-
zation is its ease of implementation. That is, the constant
time lag model may serve as a useful tool when inferring
the strength of tidal dissipation of similar objects that re-
side in vastly different orbital configurations, which may
in constraining actual theories of tidal dissipation (see
e.g., Socrates et al. 2012).
In order to further this goal, we attempt to understand
the underlying assumptions behind the constant time lag
model of Hut (1981). In his analysis, Hut approximates
that the induced quadrapolar tidal deformation as two
point particles, where the line joining them spans the
diameter of the forced body and lags behind the line
joining their center of mass and the distant source re-
sponsible for the tidal field. Furthermore, the mass of
the point particles is chosen such that the amplitude of
their resulting quadrupole moment is equal to that of
the equilibrium tide of a perfect fluid body. A deter-
mination of the correspondence – if any – between the
picture outlined above, to the fluid dynamics of a tidally
forced body is the subject of this work.
In §2 we demonstrate that, from the equations of mo-
tion, of a non-resonantly weakly forced, spherically sym-
metric body, the tidal response lags the equilibrium value
by some fixed amount of time, in the event that the dis-
sipation is weak. Furthermore, we show in §2 that this
constant lag time is an intrinsic property of the tidally
forced body, in that it only depends upon its internal
structure. A brief discussion and summary are given in
§3.
2. ASSUMPTIONS AND DERIVATION OF THE CONSTANT
LAG TIME MODEL
2.1. the tidal interaction
Consider a spherical, self gravitating fluid object
(star/planet) which is weakly perturbed by a slowly vary-
ing external gravitational field of the form
UT (r, θ, φ, t) = −
∑
ℓm
rℓYℓm(θ, φ)Ψℓm(t). (1)
If, for example, the perturbation arises from a point mass
mper orbiting the object at distance D(t) with angular
coordinates θ′(t), φ′(t) we have
Ψℓm(t) = −Gmper
∑
ℓm
4π
2ℓ+ 1
1
D(t)ℓ+1
Y ∗
ℓm
(θ′(t), φ′(t)) .
(2)
To leading order in perturbation theory, the interaction
potential is given by (cf. Newcomb 1962)
HI =
∫
d3x ρ ξ ·∇UT (3)
where
∫
d3x is taken over the volume of the forced body,
ρ(x) is its unperturbed fluid density and ξ(x, t) is the
Lagrangian displacement field.
We may write the interaction energy as
HI = −
∑
ℓm
q∗
ℓm
Ψℓm (4)
where qℓm is the multipole moment (cf. Press & Teukol-
sky 1977)
qℓm (t) =
∫
d3xρ ξ ·∇rℓY ∗ℓm (θ, φ) . (5)
Note that for ℓ = 2, the Ψℓm’s have dimensions of fre-
quency squared.
2The rate of energy transfer E˙ between the orbit and
and the forced body is given by
E˙ = −
∫
d3xρ ξ˙ ·∇UT = −
∑
ℓm
q˙∗ℓmΨℓm. (6)
Secular orbital evolution is entirely determined by the
relationship between the the tidal potential, represented
by the Ψℓm’s, and the corresponding induced multipo-
lar moments, qℓm’s. That is, the gravitational potential
induced by the perturbation of the body’s mass distri-
bution is fully determined by the qℓm’s. While the fluid
response ξ may be complicated, only its multipolar mo-
ments affect secular orbital evolution.
2.2. equation of motion, the equilibrium tide and
higher-order corrections
We neglect rotation when considering the equilibrium
structure as well as the dynamics of the fluid perturba-
tions. Furthermore, we ignore the effects of rotation in
the limit of non-resonant forcing.1 The tidal problem
may be expressed as
ξ¨+C · ξ+D · ξ˙ = −∇UT = −
∑
ℓm
Ψℓm(t)Ξℓm(x) (7)
where C is an Hermitian operator that is responsible for
the restoring force (Lynden-Bell & Ostriker 1967) and
D is a time-independent differential operator that leads
to dissipation. In the co-ordinate system of the forced
body, the spatial dependance of the tidal forcing is given
by the vector
Ξℓm(x) =∇r
ℓYℓm (θ, φ) , (8)
which for ℓ = 2 has dimensions of length.
If the time-dependance of the forcing is slow such that
the inertia of the fluid is small, then
ξ¨≪ C · ξ (9)
and in the weak friction approximation
D · ξ˙≪ C · ξ. (10)
Given this ordering, we may approximate the solution
as
ξ (x, t) = ξ(0) −C−1 ·
[
D · ξ˙
(0)
+ ξ¨
(0)
]
(11)
and the equilibrium tide solution ξ(0) is given by
ξ(0) (x, t) = −
∑
ℓm
Ψℓm(t)C
−1 ·Ξℓm(x). (12)
2.3. a single lag time for a given ℓ
The interaction energy, given by eq. 4, and the en-
ergy transfer rate, given by eq. 6, only depend on the
multipole moments qℓm. When computing the multipole
moments qℓm’s by inserting eqs. 11 and 12 into eq. 5,
coefficients of the following form are encountered
Mℓℓ′mm′ =
∫
d3xρΞ∗
ℓm
·M ·Ξℓ′m′ (13)
1 Throughout, ‘non-resonant’ refers to the fluid oscillations of
the forced body.
whereM = C−1 orM = C−1·D·C−1. By assuming that
C and D are rotationally invariant, which is equivalent
to assuming the equilibrium structure of the forced body
is spherically symmetric, then
Mℓℓ′mm′ = Mℓ δℓℓ′δmm′ . (14)
It follows that we can express a given multipole moment
to leading order as
qℓm(t) = q
(0)
ℓm
(t)− τℓ q˙
(0)
ℓm
(t)− P−2
ℓ
q¨
(0)
ℓm
(t) (15)
where a single lag time τℓ for a given ℓ is
τℓ =
∫
d3x ρΞ∗
ℓm
·C−1 ·D ·C−1 ·Ξℓm∫
d3x ρΞ∗
ℓm
·C−1 ·Ξℓm
(16)
and P 2
ℓ
is given by
P 2
ℓ
=
∫
d3x ρ
∣∣C−1 ·Ξℓm∣∣2∫
d3x ρΞ∗
ℓm
·C−1 ·Ξℓm
. (17)
Though the integrals above contain the azimuthal quan-
tum number m, spherical symmetry requires invariance
under rotations and consequently, independence of m.
The term ∝ q¨
(0)
ℓm
does not lead energy or angular mo-
mentum transfer since it contribution is a full derivative
in time, which does not accumulate over long time-scales.
The leading order terms of the multipole deformation
qℓm(t) that are responsible for apsidal precession and sec-
ular orbital evolution are thus given by
qℓm (t)= q
(0)
ℓm
(t)− τℓ q˙
(0)
ℓm
(t) ≃ q
(0)
ℓm
(t− τℓ) (18)
where we assumed that τℓ is small in comparison to the
characteristic time in which the tidal potential varies.
Sole consideration of the quadrupolar ℓ = 2 response of
the expression above is equivalent to eqs. 2 & 3 of Hut
(1981), which together serve as the starting point and
underlying assumption of his analysis. Furthermore, by
inserting the above expression for the qℓm into eq. 6, we
may write the secular energy transfer rate as
E˙ =
∑
ℓm
τℓ q¨
(0)∗
ℓm
Ψℓm. (19)
Again, by restricting to ℓ = 2, the relation above is equiv-
alent to eq. 40 of Eggleton et al. (1998), which serves
as the starting point of their derivation for the secular
equations for orbital evolution.
The lag time τℓ is completely determined by the equi-
librium structure of the forced body. That is, τℓ is de-
termined by ρ(x), C and D all of which, under the as-
sumptions previously mentioned, only depend upon the
equilibrium structure of the object in question. Similar
conclusions can be deduced from the analysis of Willem
et al. (2010). Those authors considered the case of a
spherically symmetric radiative star where dissipation re-
sults from thermal diffusion and turbulent viscosity.
2.4. constant density equilibrium structure
As an illustrative example, consider a constant density
equilibrium structure. Reisenegger (1994 and references
therein) points out that for such an idealized system,
Ξℓm is an eigenfunction of C, with eigenvalue ωℓ. Fur-
thermore, and by construction, Ξℓm is responsible for
3the entire multipolar response from the tidal accelera-
tion −∇UT ∝ Ξℓm. In this case, the equilibrium tide
becomes
ξ
(0)
ℓm
= −
Ψℓm(t)
ω2
ℓ
Ξℓm. (20)
The displacement field Ξℓm is fundamental mode of
the forced body, which is sometimes referred to as the
f−mode or the Kelvin mode. Ξℓm has no radial nodes
and its period of oscillation is, essentially, the free-fall
time at the surface.
In this limit, the lag time τℓ becomes
τℓ =
γℓ
ω2
ℓ
≡
∫
d3x ρΞ∗
ℓm
·D ·Ξℓm
ω2
ℓ
∫
d3x ρΞ∗
ℓm
·Ξℓm
(21)
where γℓ is the damping rate of the Ξℓm’s and
P 2ℓ = ω
−2
ℓ
. (22)
EachΞℓm need not be an eigenvector ofD in order for eq.
21 to be correct. As in the more general case, the only
requirement on D for producing a single constant time
lag τℓ is for it to be invariant under rotations. Finally,
for a constant density equilibrium structure, the tidal
problem is equivalent to a set of decoupled forced damped
harmonic oscillators with equal constant lag times.
3. DISCUSSION AND SUMMARY
The constant time lag model of Hut (1981) is perhaps
the most widely used prescription for parameterizing the
strength of tidal dissipation. Hut states that the most
attractive feature of the constant τ model for tidal dis-
sipation is its simplicity. Perhaps this is true. However,
as we have shown, the constant τ model for tidal dis-
sipation follows from some very basic physical assump-
tions. Namely, the tidal forcing non-resonant, the forced
body is a spherically symmetric fluid and the dissipation
as well as the tidal forcing, is weak. In fact, these as-
sumptions are well-approximated in many astrophysical
environments and can be, in principle, tested with ob-
servations of stars (cf. Dong et al. 2012) and extra-solar
planets.
We demonstrated that the lag time τℓ is an intrinsic
property of the tidally-forced object. In other words, two
identical objects placed in vastly different orbital config-
urations possess identical values for τℓ as long as the
underlying assumptions of a constant τℓ remain valid.
For example, Socrates et al. (2012) show that in order
for a Jupiter analogue to undergo high-e migration, the
required lag time must be at least ten times stronger than
that inferred from the Jupiter-Io interaction. Therefore,
either the assumptions that led to a constant lag time are
either incorrect or, for example, another element must be
added to the theory of high−e migration.
We thank Phil Arras, Subo Dong, Peter Goldreich
and Scott Tremaine for many helpful suggestions and
conversations. We also thank John Papaloizou, Rafael
Porto and Matias Zaldarriagga for stimulating discus-
sions. B.K was supported by NASA through Einstein
Postdoctoral Fellowship awarded by the Chandra X-ray
Center, which is operated by the Smithsonian Astrophys-
ical Observatory for NASA under contract NAS8-03060.
AS acknowledges support from a John N. Bahcall Fel-
lowship awarded by the Institute for Advanced Study,
Princeton.
REFERENCES
Arras, P. 2004, Presented at the KITP Program: Planet
Formation: Terrestrial and Extra Solar, Feb 10, 2004, Kavli
Institute for Theoretical Physics, University of California,
Santa Barbara,
Dong, S., Katz, B., & Socrates, A. 2012, arXiv:1204.1056
Eggleton, P. P., Kiseleva, L. G., & Hut, P. 1998, ApJ, 499, 853
Fabrycky, D., & Tremaine, S. 2007, ApJ,
Goodman, J., & Lackner, C. 2009, ApJ, 696, 2054
Ivanov, P. B., & Papaloizou, J. C. B. 2007, MNRAS, 376, 682
Jackson, J. D. 1998, Classical Electrodynamics, 3rd Edition, by
John David Jackson, pp. 832. ISBN 0-471-30932-X. Wiley-VCH
, July 1998.,
Lynden-Bell, D., & Ostriker, J. P. 1967, MNRAS, 136, 293
Hut, P. 1981, A&A, 99, 126
Newcomb, W. A. 1962, Nuclear Fusion: Supplement Part 2
(Vienna: International Atomic Energy Agency), 45
Press, W. H., & Teukolsky, S. A. 1977, ApJ, 213, 183
Reisenegger, A. 1994, ApJ, 432, 296
Schenk, A. K., Arras, P., Flanagan, E´. E´., Teukolsky, S. A., &
Wasserman, I. 2002, Phys. Rev. D, 65, 024001
Socrates, A., Katz, B., Dong, S., & Tremaine, S. 2012, ApJ, 750,
106
Socrates A., Katz B., Dong S., & Tremaine S. 2011 ArXiv
preprints
Weinberg, S. 1972, Gravitation and Cosmology: Principles and
Applications of the General Theory of Relativity, by Steven
Weinberg, pp. 688. ISBN 0-471-92567-5. Wiley-VCH , July
1972.,
Weinberg, N. N., Arras, P., Quataert, E., & Burkart, J. 2012,
ApJ, 751, 136
Willems, B., Deloye, C. J., & Kalogera, V. 2010, ApJ, 713, 239
Wu, Y., & Goldreich, P. 2002, ApJ, 564, 1024
Wu, Y., & Murray, N. 2003, ApJ, 589, 605
Wu, Y. 2005, ApJ, 635, 674
Wu, Y. 2005, ApJ, 635, 688
Wu, Y., & Lithwick, Y. 2011, ApJ, 735, 109
*John N. Bahcall Fellow
† Einstein Fellow
†† Sagan Fellow
